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We consider a cosmological brane moving in a static five-dimensional bulk spacetime endowed
with a scalar field whose potential is exponential. After studying various cosmological behaviours
for the homogeneous background, we investigate the fluctuations of the brane that leave spacetime
unaffected. A single mode embodies these fluctuations and obeys a wave equation which we study
for bouncing and ever-expanding branes.
I. INTRODUCTION
In the last few years, a lot of efforts have been devoted to the investigation of the braneworld picture, whereby our
accessible universe is a three-dimensional submanifold, or three-brane, embedded in a higher-dimensional manifold.
The cosmological consequences of this idea are of particular interest since new effects can be anticipated in the very
early universe where the physical conditions are very different from those of the present universe. Although many
scenarios exist in the literature, most models of brane cosmology focus, like the present work, on a self-gravitating
brane-universe embedded in a five-dimensional bulk spacetime, so that the brane world-sheet is of codimension one
and subject to the standard junction conditions for a thin wall in general relativity. As usually assumed, we will take
a Z2 symmetric bulk, which means that the two sides of the brane are mirror-symmetric with respect to the brane.
The simplest models of brane cosmology (see [1] for a recent review) assume an empty bulk with a cosmological
constant. The latter (with a negative sign) is necessary in order to recover a standard cosmological evolution at late
times and in particular to account, via nucleosynthesis, for the abundances of light elements. In the early universe,
however, the evolution deviates from standard cosmology.
Although very useful for some specific features of brane cosmology, an empty bulk might be too naive for a
realistic description of the early universe. For example, in the five-dimensional version of M-theory, a scalar field,
corresponding to the volume of the Calabi-Yau compactification manifold, is present in the five-dimensional bulk [2].
It is thus relevant to investigate brane cosmology with a bulk scalar field [3]- [15], which might be also useful, in the
case of two-brane models, to stabilize the radion [16].
In the present work, we consider a five-dimensional model where the bulk contains a scalar field with an exponential
potential and a three-brane with a cosmological perfect fluid conformally coupled, via the bulk scalar field, to the
induced metric. We restrict our attention to very specific bulk spacetimes with the usual cosmological symmetries,
i.e. homogeneity and isotropy along the three ordinary spatial dimensions, that are also static in the two-dimensional
subspaces spanned by time and the extra dimension. We use static here in a generalized sense, where the orbits
associated with a Killing vector can be not only time-like but also space-like.
We first assume that the brane is perfectly homogeneous and study the corresponding background cosmologies
associated with the motion of the brane in such static bulk spacetimes. We thus generalize the results of Chamblin
and Reall [3], restricted to the case of a domain wall, to any equation of state for the brane matter.
We then allow the brane to fluctuate but we impose that these fluctuations are such that the bulk spacetime is left
unperturbed. In other words, we investigate only the fluctuation mode, which one can call the intrinsic mode, that
is not coupled to the gravitational radiation, i.e. to the bulk perturbations. We show that this mode obeys a wave
equation, which can be written in a familiar form. We analyse the evolution of the brane fluctuation depending on
the various background cosmologies. In some sense, our approach is reminiscent of former studies [17,18] (see also [19]
for recent developments) of perturbed test branes where the brane deformation is described by a scalar field obeying
a Klein-Gordon equation. In our case the self-gravity is included by adjusting adequately the matter perturbations
on the brane. A similar analysis has also been carried out in [20] within the context of mirage cosmology where the
gravitational back-reaction is neglected.
The plan of our paper is the following. In the next section, we present the framework and consider some background
homogeneous solutions. In the third section, we derive the equation of motion for the brane fluctuations. In section
4, we analyse this wave equation for the background cosmologies discussed in section 2. Finally, we conclude in the
last section.
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II. THE BACKGROUND CONFIGURATION
We consider five-dimensional static spacetimes with the usual cosmological symmetries (homogeneity and isotropy)
along the three ordinary spatial dimensions. The metric can be written in the form
ds2 = gABdx
AdxB = −A(r)2dt2 +B(r)2dr2 +R(r)2dΣ2, (1)
where dΣ2 is the metric for maximally symmetric three-dimensional spaces. For simplicity, we will consider only the
flat case. With our parametrization (1) of the metric, we implicitly assume that the Killing vector ∂∂t is time-like and
thus that the spacetime is static in the strictest sense. Although the calculations below are given explicitely in this
context, it is not difficult to show that the end results will still hold if the coordinate t becomes space-like, i.e. if A2
and B2 are negative.
We assume that the bulk contains a scalar field φ(r) with a potential V (φ). The five-dimensional action for the
bulk is given by an expression of the form
S = 1
κ2
∫
d5x
√−g
[
1
2
R− 1
2
∂Aφ∂Aφ− V (φ)
]
, (2)
where we have chosen the normalization so that the scalar field is dimensionless and the potential scales like a square
mass.
The bulk Einstein’s equations, derived from this action, read
GAB = ∂Aφ∂Bφ− gAB
(
1
2
∂Cφ∂Cφ+ V (φ)
)
(3)
or in terms of the Ricci scalar
Rab = ∂aφ∂bφ+
2
3
gabV (φ). (4)
Explicitly, they take the form
A′′
A
− A
′B′
AB
+ 3
A′R′
AR
= −2
3
B2V (5)
R′′
R
+ 2
R′
2
R2
+
A′R′
AR
− B
′R′
BR
= −2
3
B2V (6)
A′′
A
+ 3
R′′
R
− A
′B′
AB
− 3B
′R′
BR
= −2
3
B2V − φ′2 (7)
where a prime denotes a derivative with respect to r. Similarly the bulk scalar field obeys the Klein-Gordon equation
φ′′ + (
A′
A
+ 3
R′
R
− B
′
B3
)φ′ =
∂V
∂φ
(8)
These equations can be solved for specific potentials V (φ), in particular for exponential potentials as summarized
below.
A. Explicit solutions
In the case of a scalar field potential of the form
V (φ) = V0e
2αφ, (9)
there exists a simple class of static solutions [21,3]. The full set of static solutions is given in [14], but we will restrict
our study to the class of solutions described by the metric
ds2 = −h(R)dT 2 + R
6α2
h(R)
dR2 +R2d~x2, (10)
2
with
h(R) = − V0/6
1− (3α2/4)R
2 − CR3α2−2, (11)
where C is an arbitrary constant, and the scalar field configuration
φ = −3α ln(R). (12)
Note that, in the limit α = 0, the scalar field vanishes while its potential reduces to an effective cosmological constant
and one recovers the well-known Sch-(A)dS five-dimensional metric. The metric (10) can be expressed in a slightly
different form, as in [3], namely
ds2 = −U(r)dt2 + dr
2
U(r)
+R2(r)dΣ2, (13)
after the change of coordinate
r = R1+3α
2
(14)
and a trivial redefinition of time.
B. Moving brane
Let us now consider the presence of a three-brane moving in the static bulk background (1). Although we are
interested, in this section, only in the motion of the homogeneous brane, we already present the general formalism,
following [22], which we will use later for the study of brane fluctuations.
We define the trajectory of the brane in terms of its bulk coordinates XA(xµ) given as functions of the four
parameters xµ which can be interpreted as internal coordinates of the brane worldsheet. One can then define four
independent vectors
eAµ =
∂XA
∂xµ
, (15)
which are tangent to the brane. The induced metric on the brane is simply given by
hµν = gABe
A
µ e
B
ν , (16)
whereas the extrinsic curvature tensor is given by
Kµν = e
A
µ e
B
ν ∇AnB, (17)
where nA is the unit vector normal to the brane, defined (up to a sign ambiguity) by the conditions
gABn
AnB = 1, nAe
A
µ = 0. (18)
It is also useful to express Kµν in terms of only partial derivatives, which reads
Kµν =
1
2
[
gAB
(
eAµ ∂νn
B + eAν ∂µn
B
)
+ eAµ e
B
ν n
D∂DgAB
]
. (19)
Let us now apply this formalism to the homogeneous brane, which can be parametrized by
T = T (τ), r = r(τ), X i = xi, (20)
where we take for the parameter τ the proper time, i.e. such that
hττ = −1. (21)
The induced metric is thus
3
ds2 = −dτ2 +R2(r(τ))dΣ2 , (22)
which shows that the geometry inside the brane is FLRW (Friedmann-Lemaˆıtre-Robertson-Walker) with the scale
factor given by the radial coordinate R of the brane. The cosmological evolution within the brane is thus induced
by the motion of the brane in the static background. With the parametrization (20), the four independent tangent
vectors defined in (15) take the specific form
eAτ = (T˙ , r˙, 0, 0, 0) , e
A
i = (0, 0, δ
A
i ) , (23)
where a dot stands for a derivative with respect to τ while the components of the normal vector are given by
nA =
(
ABr˙,−B
√
1 +B2r˙2, 0, 0, 0
)
. (24)
Finally, the components of the extrinsic curvature tensor are given by
Kij = −
√
1 +B2r˙2
B
RR′ δij , (25)
Kττ =
1
AB
d
dr
(
A
√
1 +B2r˙2
)
. (26)
Assuming Z2 symmetry about the brane, the junction conditions for the metric read
Kµν = −κ
2
2
(
Sµν − 1
3
Shµν
)
, (27)
where Sµν is the energy-momentum tensor of brane matter and S ≡ Sµνhµν its trace. Because the brane is homoge-
neous and isotropic, Sµν is necessarily of the perfect fluid form, i.e.
Sµν = Diag (−ρ, P, P, P ) , (28)
where the energy density ρ and the pressure P are functions of time only. Substituting the above expressions (25)
and (26) for the components of the extrinsic curvature tensor, one finds the following two relations:
√
1 +B2r˙2
B
R′
R
=
κ2
6
ρ, (29)
and
1
AB
d
dr
(
A
√
1 +B2r˙2
)
= −κ
2
6
(2ρ+ 3P ) . (30)
Using the first junction condition (29), the second expression (30) can be reexpressed explicitly as a conservation-like
equation for the energy density ρ:
ρ˙+
R˙
R
(2 + 3w + f(r)) ρ = 0, (31)
where R˙ ≡ R′r˙ and
f(r) =
1
AB
d
dr
(
AB
R
R′
)
. (32)
Using Einstein’s equations (5-7), this function f(r) can be reexpressed in terms of the scalar field as
f(r) = 1 +
1
3
φ′
2
(
R
R′
)2
(33)
and the conservation equation takes the form of
dρ
dτ
+ 3
R˙
R
(ρ+ P ) = −1
3
ρφ˙2
R
R˙
. (34)
As we will see in the next subsection, the use of the junction condition for the scalar will enable us to reexpress once
more this conservation equation in another form.
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C. Junction condition for the scalar field
In addition to the junction conditions for the metric, we must also ensure that the junction condition for the bulk
scalar field is also satisfied. The latter depends on the specific coupling between φ and the brane matter. In order to
be more explicit, we now introduce the action for the brane
Sbrane =
∫
brane
d4xLm
[
ϕm; h˜µν
]
, (35)
where we assume the metric h˜µν to be conformally related to the induced metric hµν , i.e.
h˜µν = e
2ξ(φ)hµν . (36)
Variation of the total action S = Sbulk + Sbrane with respect to φ yields the equation of motion for the scalar field,
which is the Klein-Gordon equation (8) with the addition of a distributional source term since the scalar field is
coupled to the brane via h˜µν . An alternative way to deal with this distributional source term is to reinterpret it as a
boundary condition for the scalar field, or rather a junction condition at the brane location which takes the form[
nA∂Aφ
]
= κ2ξ′ (ρ− 3P ) , (37)
where ξ′ ≡ dξ/dφ. Taking into account the Z2 symmetry and the explicit form for the normal vector (24), one ends
up with the condition
φ′ =
κ2
2
B√
1 +B2r˙2
ξ′(φ) (−ρ+ 3P ) , (38)
where all terms are evaluated at the brane location. Moreover, using the first junction condition (29), this relation
can be reduced to
φ′ = 3ξ′(φ)
R′
R
(3w − 1) . (39)
This junction condition for the scalar field can be substituted in the (non) conservation equation (31) which then
reads
ρ˙+ 3H(ρ+ p) = (1− 3w)ξ′ρφ˙. (40)
This relates the energy loss, from the point of view of the brane, to the transverse momentum density, from the
point of view of the bulk. In fact, this non standard cosmological conservation equation can also be rewritten in the
standard form
dρ˜
dt˜
+ 3H˜ (ρ˜+ p˜) = 0. (41)
if one introduces the energy density ρ˜ and pressure P˜ = wρ˜, as well as the scale factor a˜, defined with respect to the
metric h˜µν , which in other contexts would be referred to as the Jordan frame.
D. Brane cosmological evolution
In order to work with an explicit example, we turn again to the dilatonic bulk solutions given in (10-12) and try to
implement a moving brane in these backgrounds.
Taking the square of the junction condition (29), one immediately obtains the generalized Friedmann equation,
H2 =
κ4
36
ρ2 − h(R)
R2(1+3α2)
= ρˆ2 +
V0/6
1− (3α2/4)R
−6α2 + CR−4−3α2 , (42)
where we have introduced the notation
ρˆ ≡ κ
2
6
ρ. (43)
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For α = 0, (42) reduces to the well-known brane Friedmann equation with the characteristic ρ2 term on the right
hand side.
As for the scalar field junction condition (39), the radial dependence of φ given in (12) imposes the following
constraint between the equation of state ratio w and α:
3w − 1 = −α
ξ′
. (44)
If we now assume that w is constant, this constraint implies that the coupling is linear, i.e. ξ(φ) = ξ1φ, in which case
the conservation equation (40) can be explicitly integrated to yield
ρ = ρ1R
−3(w+1+α2), (45)
where ρ1 is a constant. One can then substitute this relation into the Friedmann equation (42) to obtain
R˙2 + V (R) = 0, (46)
with the potential
V (R) ≡ −a1Rp1 + a2Rp2 + a3Rp3 , (47)
where the coefficients are given explicitly by
a1 = ρˆ
2
1 > 0, a2 = −
V0/6
1− (3α2/4) , a3 = −C, (48)
and the powers by
p1 = −4− 6w − 6α2, p2 = 2− 6α2, p3 = −2− 3α2. (49)
Equation (46) is analogous to the total energy (which vanishes here) of a particle moving in a one-dimensional
potential V (R). The case of a brane domain wall, w = −1, was analysed in [3]. In this case, p1 = p2 and the potential
is the sum of only two terms. Here, however, we have obtained the equation of motion valid for any equation of state
of the form P = wρ, with w constant. In order to simplify the potential, let us consider the situation α3 = −C = 0. It
is not difficult, from the analysis of the two terms left in the potential V (R), to see that the potential has six distinct
shapes, depending on the sign of a2 and the value of α
2. To classify the various cases, it is convenient to introduce
the parameter p defined, for w 6= −1, by
6α2 = 2 + p(1 + w) . (50)
so that the powers p1 and p2 simply read
p1 = −(6 + p)(1 + w), p2 = −p(1 + w). (51)
The various cases are then:
• p < −6 (which implies w < −2/3 and 0 < p1 < p2) (see fig. 1);
a2 > 0 a2 < 0
FIG. 1. V (R) when p < −6.
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• −6 < p < 0 (which implies p1 < 0 < p2) (see fig. 2);
a2 > 0 a2 < 0
FIG. 2. V (R) when −6 < p < 0.
• p > 0 (which implies p1 < p2 < 0) (see fig. 3).
a2 > 0 a2 < 0
FIG. 3. V (R) when p > 0.
In the three cases corresponding to a2 < 0, the evolution of the scale factor is monotonous because the potential is
always negative, whereas for a2 > 0, the potential vanishes at a nonzero value Rc which represents the maximum
value of the scale factor during the cosmological evolution. In the latter three subcases, cosmological expansion is
thus followed by a collapse. This situation a2 > 0 can be seen to be equivalent to the supergravity models with
a bulk scalar field and an exponential superpotential [6]. It is also worth noticing that when a2 < 0 the function
h(R) parametrizing the metric becomes negative. In that case the coordinate R becomes time-like whereas t becomes
space-like and the Killing vector corresponding to translations of t is then space-like. The brane normal vector is then
given by na = (
√
A2B2r˙,−√B2 +B4r˙2, 0, 0, 0) which is a real quantity as soon as r˙2 is large enough. The rest of the
analysis remains unchanged.
III. BRANE FLUCTUATIONS
In this section, we turn to the analysis of the brane fluctuations allowed when the bulk geometry is left unperturbed.
The fluctuations of the brane will be described by perturbing the embedding of the brane in the bulk spacetime, i.e.
by writing
XA(xµ) = X¯A + ζn¯A, (52)
where the bar stands for the homogeneous quantities defined in the previous section. The four tangent vectors defined
in (15) are then given by
eAµ = e¯
A
µ + δe
A
µ = e¯
A
µ + ∂µ
(
ζn¯A
)
. (53)
Substituting in the definition of the induced metric (16), and being careful to evaluate the (unchanged) bulk metric
gAB at the perturbed brane location, one finds
7
hµν = h¯µν + 2ζK¯µν . (54)
Using this expression, one can easily make the connection with the Bardeen potentials measuring the gauge invariant
metric perturbations induced by the fluctuations of the brane position. In the longitudinal gauge, the perturbed
metric reads
ds2 = −(1− 2Ψ)dt2 +R2(1 + 2Φ)δijdxidxj , (55)
and by comparing with (54), one finds that
Ψ = −ζK¯ττ , Φ =
1
3
ζK¯ii (56)
which gives, after using the background junction conditions (27),
Ψ = −κ
2
6
(2 + 3w)ρζ (57)
and
Φ = −κ
2
6
ρζ (58)
The metric perturbations are thus directly proportional to the brane fluctuation ζ. We will return later to the
evolution of the Bardeen potentials. The rest of this section is devoted to the derivation of the equation of motion
that governs the evolution of the brane fluctuation. We first consider the perturbed junction conditions for the metric
and then those for the scalar field.
A. Perturbed junction conditions for the metric
As a first step, let us evaluate the perturbed normal vector, which can always be decomposed as
δnA = αn¯A + βµe¯Aµ . (59)
The coefficients α and βµ can be determined by perturbing the two equations in (18). They are given by
α = −1
2
ζn¯An¯Bn¯C∂C g¯AB (60)
and
h¯µνβ
ν = −ζn¯Ae¯Bµ n¯C∂C g¯AB − g¯ABn¯A∂µ
(
ζn¯B
)
. (61)
Substituting the expressions (53) and (59) in the perturbation of the extrinsic curvature tensor (17), one obtains the
expression
δKµν =
1
2
[
2ζn¯C∂C g¯AB e¯
A
(µe¯
B
ν) + 2g¯AB
(
δeA(µ∂ν)n¯
B + e¯A(µ∂ν)δn
B
)
+
+
(
δeAµ e¯
B
ν n¯
C + e¯Aµ δe
B
ν n¯
C + e¯Aµ e¯
B
ν δn
C
)
∂C g¯AB
+ζe¯Aµ e¯
B
ν n¯
Cn¯D∂C∂D g¯AB
]
. (62)
The expression with an upper index and a lower index is also useful and can be obtained from the above expression
by using the relation
δKνµ = h¯
νσδKσµ − 2ζK¯µσK¯σν , (63)
where the indices for K¯σν are raised by using the inverse metric h¯ρσ.
The explicit evaluation of the components of the perturbed brane extrinsic curvature tensor, for the metric (1),
then yields
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δKττ = ζ¨ −
[(
Br¨ +B′r˙2
)2
1 +B2r˙2
+
(
1 +B2r˙2
) A′2
A2B2
+
A′B′
AB3
+2
A′B′
AB
r˙2 − A
′′
AB2
+ 2
A′
A
r¨
]
ζ, (64)
δKτi = ζ˙,i −
R′
R
r˙ζ,i, (65)
δKij =
[
R′
R
r˙ζ˙ +
(
−R′B′ 1 +B
2r˙2
B3R
− r˙2A
′R′
AR
−R′2 1 +B
2r˙2
B2R2
+R′′
1 +B2r˙2
B2R
)
ζ
]
δij −
ζ,i,j
R2
(66)
In the longitudinal gauge, which we shall use, the components of the perturbed brane energy momentum tensor read
δSττ = −δρ, (67)
δSτi = R(1 + w)ρ∂iv, (68)
δSij = δPδ
i
j + δπ
i
j , (69)
where
δπij = δπ
,i
,j −
1
3
δijδπ
,k
,k (70)
is the (traceless) anisotropic stress tensor, and the perturbed junction conditions for the metric, which follow from
(27), are given by
δKµν = −
κ2
2
(
δSµν −
δS
3
δµν
)
. (71)
Inserting (67-69), this gives explicitly
δKττ =
κ2
6
(2δρ+ 3δP ) , (72)
δKτi = −
κ2
2
R(1 + w)ρ∂iv, (73)
δKij = −
κ2
2
(
1
3
δρδij + δπ
i
j
)
. (74)
The second equation (65) determines, once ζ is known, the velocity potential v, except when the equation of state is
w = −1, in which case one gets the constraint
ζ˙ =
R′
R
r˙ζ (w = −1). (75)
This implies that the perturbation reads
ζ = R(τ)C(k) (76)
up to a global translation of the brane. The function C(k) will be determined later.
Finally, equation (74) can be decomposed into a trace and a traceless part, giving respectively
R′
R
r˙ζ˙ +
(
−R′B′ 1 +B
2r˙2
B3R
− r˙2A
′R′
AR
−R′2 1 +B
2r˙2
B2R2
+R′′
1 +B2r˙2
B2R
)
ζ − 1
3R2
∆ζ = −κ
2
6
δρ (77)
and
1
R2
(
ζ,i,j −
1
3
∆ζδij
)
=
κ2
2
δπij . (78)
The last equation simply gives
δπ =
2
κ2
ζ
R2
(79)
and shows that the anisotropic stress is intrinsically related to the brane fluctuation.
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B. Perturbed junction condition for the scalar field
The next step in order to establish the equations of motion for the brane fluctuations is to write down the perturbed
junction condition for the scalar field. The first order perturbation of (37) yields[
δnA∂Aφ+ ζn
AnB∂A∂Bφ
]
= −κ2 ξ′ δS − κ2S ξ′′(nA∂Aφ)ζ. (80)
Taking into account Z2 symmetry and using the background junction condition (38), its derivative along the trajectory,
and the other junction condition (29), one finds, after some algebra, that eq. (80) takes the form
(3w − 1)
{
R′
R
r˙ζ˙ +
[
ρˆ2
(
RR′′
R′2
− 1
)
− R
′
R
(
B′
B3
+
(
A′
A
+
B′
B
)
r˙2
)]
ζ
}
+3ρˆ2
R
R′
w˙
r˙
ζ =
κ2
6
(
1− 3c2p
)
δρ (81)
where we have introduced
c2p =
δp
δρ
(82)
Combining (81), (77) and (72), one sees that the matter perturbation can be eliminated to give a differential equation
that depends only on ζ. It has the form of a wave equation. and reads
ζ¨ + (2 + 3w)
R˙
R
ζ˙ − ∆ζ
R2
+
{
A′′
AB2
− A
′B′
AB3
− (2 + 3w)A
′R′
AR
r˙2
+(2 + 3w)ρˆ2
[
−(2 + 3w)− B
′R′
BR
+
RR′′
R′2
− 1
]}
ζ = 0. (83)
Introducing the function ψ defined by
ψ = R(1+3w)/2ζ (84)
and using the conformal time η defined by dτ = Rdη, one can rewrite the wave equation in the simple form
d2ψ
dη2
+ (k2 +M2)ψ = 0, (85)
where the effective mass is given by
M2 = R2
[
−1 + 3w
2
(
R¨
R
+
1 + 3w
2
R˙2
R2
)
+
A′′
AB2
− A
′B′
AB3
− (2 + 3w)A
′R′
AR
r˙2
+(2 + 3w)ρˆ2
(
RR′′
R′2
− B
′R
BR′
− 3(1 + w)
)]
. (86)
We have thus obtained the wave equation governing the intrinsic brane fluctuations in the general case. Initially,
we started from a system of five equations, (72), (73), (81), (79) and (77), all obtained from the junction conditions,
either of the metric or of the scalar field. These five equations contain one dynamical equation, which has been
expressed above in terms of the quantity ζ (or ψ) and four constraints which yield respectively the energy density δρ,
the pressure δP , the four-velocity potential v and the anisotropic stress δπ. In contrast with the standard cosmological
context where one can choose beforehand the relation between δP and δρ, and the anisotropic stress, they are here
completely determined by the constraints once a solution for ζ is given. This is necessary to get a configuration where
the brane is fluctuating while the background is unaffected. Intuitively, this means that the gravitational effect due
to the geometrical fluctuations of the brane must be exactly compensated the distribution of matter in the brane, so
that the net gravitational effect due to the presence of the brane is completely cancelled in the bulk.
In the rest of the paper, we will specialize our study to specific solutions, which will simplify the expression of the
effective mass.
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IV. PERTURBATIONS IN DILATONIC BACKGROUNDS
In this section we will focus on the dilatonic backgrounds described earlier, corresponding to exact solutions for an
exponential potential. Using the previous general result about the mass term M2 in the wave equation, we can now
specialize these results to the dilatonic backgrounds. We will concentrate on the case where the background equation
of state parameter w is constant. Substituting the solution (10) in the expression (86), one finds that the square mass
reads
M2 = R
2
4
{
(1 + w)
[
2V0
3α2 − 4(5 + 3w − 6α
2)R−6α
2 − 3(7 + 9w + 6α2)ρˆ2
]
+3(1− w)(3α2 − 1 + 3w)CR−4−3α2
}
(87)
where
ρˆ2 =
1 +B2r˙2
B2
(
R′
R
)2 (88)
Notice that for w = −1 only the C dependent term remains. Using the decomposition ζ = C(k)R we find that
(k2 +M2)C(k) = 0 (89)
which leads to C(k) = 0 and therefore the absence of brane fluctuations for w = −1.
In the following we will concentrate on the C = 0 case. Introducing the parameter p defined in (50), the squared
mass is now given by
M2 = 3
4
(1 + w)2 [−a1(9 + p)Rp1 + a2(3− p)Rp2 ]
= (1 + w)2
V0
2(3α2 − 4)
[
(3 − p)
Rp(1+w)
− δ (9 + p)
R(6+p)(1+w)
]
, (90)
with
δ =
3(3α2 − 4)
2V0
ρˆ21. (91)
We will now treat separately the cases of positive or negative a2, i.e. of δ, which correspond to very different
behaviours.
A. Bouncing branes
Let us concentrate first on the case
a2 ≡ 2V0/3
3α2 − 4 = γ
2 > 0, (92)
where γ has the dimension of mass.
The motion can be conveniently analysed by defining y = R6(w+1). The equation of motion (46) yields
dy
6(1 + w)
√
δ − y y
− 1
2
+ p
12 = ±γdη (93)
Let us define n as
n =
p− 6
12
(94)
The scale factor is then given by the implicit relation
y1+n
1 + n
F(1 + n, 1
2
, 2 + n,
y
δ
) = ±6γ(1 + w)
√
δ η + η0 (95)
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F being the hypergeometric function. Of course the scale factor is only determined after inverting these equations.
The motion is bounded from above by y = δ. For a brane whose scale factor increases initially, it reaches a maximal
value corresponding to δ before bouncing back and being irredeemingly attracted by the singularity located at R = 0.
It is interesting to notice that for p ≤ −6 the singularity is reached at infinite conformal time while for p > −6 it
takes a finite amount of conformal time to the brane in order to reach the singularity.
Let us now analyse the square mass driving the brane fluctuations. We have plotted the different cases in Figure
4. There is a qualitative change of behaviour for the square mass when p > −6. Below the critical value p = −6 the
mass vanishes at the singularity when R vanishes. This leads to an oscillatory behaviour of the brane fluctuation.
Above that threshold the squared mass becomes infinitely negative at the singularity leading to an instability of the
brane to fluctuations, i.e. the brane tends to be ripped to shreds by the presence of the singularity.
p ≤ −6
p > −6
R
R
FIG. 4. M2 in a bouncing universe. In the left picture (p ≤ −6), the red line corresponds to p ≤ −9, the green line represents
−9 < p < −6 and the blue line displays the critical value p = −6. The right picture shows M2 for p > −6 : the red line
corresponds to −6 < p < 0, the green line to p = 0, the blue line stands for 0 < p < 3 whereas the yellow line stands for p ≥ 3.
In the cases −9 < p < −6, the square mass is negative for small values of R, reaches a minimum and then
increases up to positive values with increasing R. However, values of R greater than δ1/(6(w+1)) are irrelevant since
the background evolution bounces when reaching this maximum value. The position of the minimum is given by
ym =
(6 + p)(9 + p)
p(3− p) δ < δ, (96)
whereas the scale factor corresponding toM2 = 0 is given by
y0 =
(9 + p)
(3− p)δ. (97)
For −6 < p < 3, the square mass starts from negative values and becomes positive after the critical value y0 which
is less than δ only for p < −3. In other words, for cases p > −3, the region corresponding to positive square mass is
irrelevant.
We can recover this qualitative analysis by studying the solutions of the wave equation (85), which, in terms of the
variable y, reads
d2ψ
dy2
(δ − y) + dψ
dy
(
n− 1
2
− nδ
y
)
+ y2nk˜2ψ =
y (4n+ 1) + δ (4n+ 5)
16y2
ψ (98)
with
k˜2 =
k2
36γ2 (1 + w)2
(99)
The variable y evolves between 0 < y < δ.
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The asymptotical behaviour of the perturbation near the singularity y = 0 depends on n :
ψ ∼


C1y− 14 + C2yn+ 54 , n > −1
C1 cos
(√
k˜2
δ − 116 ln y
)
+ C2 sin
(√
k˜2
δ − 116 ln y
)
, n = −1
C1 cos
(
yn+1 + α
)
+ C2 sin
(
yn+1 + α
)
, n < −1
(100)
Notice that for p < −6 the brane oscillates for an infinite amount of conformal time before reaching the singularity.
For p > −6, the brane stops oscillating and hits the singularity in a finite amount of conformal time. For p = −6 the
brane oscillates only for small length-scales corresponding to k˜ > 4
√
δ.
The Bardeen potentials, given in (57) and (58), are also worth investigating. They are proportional,
Ψ = (2 + 3w)Φ, (101)
and related to the brane fluctuation according to
Φ ∝ R
(9+p)
2(1+w)ψ. (102)
One thus notices the critical value p = −9, above which the Bardeen potentials are enhanced, for an expanding
universe, with respect to ψ. One can compute numerically the evolution of the perturbation, the Bardeen potential
and the scale factor as a function of the conformal time (see Figure 5).
p < −6 p > −6
η
η
FIG. 5. Perturbation (red line), Bardeen potential (blue line) and scale factor (green line) during the contracting phase of a
bouncing universe, as functions of the conformal time.
B. Ever expanding branes
We now turn to the case
a2 ≡ 2V0/3
3α2 − 4 = −γ
2 < 0, (103)
Using once more the y variable we can rewrite the background evolution equation as
dy
6(1 + w)
√
y + |δ|y
− 12+
p
12 = ±γdη. (104)
13
p ≤ −6
−6 < p ≤ −3
p > 3
R
R
R
FIG. 6. M2 in an inflationary universe. The picture p ≤ −6 depicts three different cases : p < −9 (red line), −9 ≤ p < −6
(green line) and p = −6 (blue line). In the second picture, where −6 < p ≤ −3, the red and blue lines illustrate −6 < p < 0,
the green line stands for p = 0 and the yellow line stands for 0 < p ≤ 3. The third picture represents p > 3.
Since p2 > p1, the asymptotic behaviour at early times, i.e. at small R, is dominated, both for the background
and for the perturbations, by the Rp1 term (since p2 > p1), which does not depend on the sign of a2. Therefore,
the asymptotic behaviour at early times for ever expanding branes is exactly the same as that found in the case of
bouncing branes.
For large R, conversely, the dominating term is Rp2 . For the background, this leads to a power-law behaviour of
the scale factor, explicitly given by
R(η) ≃
[p
2
(1 + w)γη
] 2
p(1+w)
, (105)
which, in terms of the cosmic time, translates into
R(τ) ∝ τ2/(p(1+w)+2). (106)
As soon as p < 0, one gets an accelerated expansion, similar to the standard four-dimensional power-law inflation,
which can be obtained from a scalar field with an exponential potential. For p > 0, one gets a decelerated power-law
expansion. It is instructive to compare the power-law expansion for the brane with the standard expansion law, which
is given by
R(τ) ∝ τ2/3(1+w). (107)
Substituting the expression (105) in the squared mass, one finds
M2 = −3(3− p)
p2
1
η2
. (108)
Note that, in the case of power-law inflation, one can derive a second-order differential equation of the form (85)
for a canonical variable which is a linear combination of the scalar field perturbation and of the (scalar) metric
perturbation. For a power-law a ∼ tq, one would find
M2eff = −
q(2q − 1)
(q − 1)2
1
η2
. (109)
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It is easy to check that our expression forM2 does not coincide with theM2eff deduced from power-law inflation, for
the same evolution of the background. With power-law inflation, the spectrum for the Bardeen potential(s) is given
by
P ∼ k−2/(q−1), (110)
which tends to a scale-invariant spectrum for large power q.
In our case, we obtain that the fluctuations are
ψ =
√−η
[
α1H
(1)
ν (−kη) + α2H(2)ν (−kη)
]
(111)
where
ν =
p− 6
2p
(112)
If one assumes that ψ is given in the asymptotic past η → −∞ as the usual vacuum solution in inflation, i.e.
ψ ∼ 1√
k
e−ikη, k|η| ≫ 1, (113)
then this means that α2 = 0 and the behaviour on long wavelengths is given by
ψ ∼ (−η) 12−νk−ν ∼ R 32 (1+w)k−ν , k|η| ≪ 1. (114)
Using the relation between ψ and the Bardeen potential, one thus finds that the spectrum for Φ is given by
PΦ ∼ R
9+p+3(1+w)2
1+w k−2ν . (115)
Contrary to the four dimensional inflationary case, the spectrum of the Bardeen potential is not constant outside the
horizon. Moreover the spectrum is red and far from being scale-invariant. Hence, despite an inflationary phase on
the brane, the intrinsic fluctuations of a brane in a dilatonic background are not a candidate for the generation of
primordial fluctuations.
-2-6-10
p < 0 p > 0
kη
η
FIG. 7. Left picture : Perturbation as a function of kη. For p < 0, the perturbation always diverges near the singularity.
Right picture : perturbation (red line), Bardeen potential (blue line) and scale factor (green line ) for p > 0.
V. CONCLUSION
We have investigated the fluctuations of a moving brane in a dilatonic background. These fluctuations are repre-
sented by a scalar mode on the brane corresponding to ripples along the normal direction to the brane. As the brane
fluctuates, it induces metric fluctuations, in particular we have found that the induced metric appears naturally in
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the longitudinal gauge with two unequal Bardeen potentials Φ and Ψ. The fact that these potentials are not equal
springs from the presence of anisotropic stress on the brane. For a fixed equation of state for the matter content
on the brane, for instance cold dark matter, we find that the two Bardeen potentials are proportional. As such this
implies that a single gauge invariant observable Φ characterizes the brane fluctuations.
Our approach differs from the projective approach [4,5] in as much as we have not considered the perturbed Einstein
equations on the brane. This allows us to free ourselves from the thorny problem of the projected Weyl tensor on the
brane.
We have focused on the motion and fluctuations of branes in a particular class of dilatonic backgrounds. These
backgrounds correspond to an exponential potential and an exponential coupling of the bulk scalar field to the brane.
The motion of the brane is either of the bouncing type or the ever-expanding form. In the bouncing case we find that
the brane cannot escape towards infinity, it is bound to a singularity which is either null or time-like. In the time-like
case, i.e. when it appears at a finite distance in conformal coordinates, the fluctuations of the brane are unbounded
implying that the brane is ripped by the strong gravity around the singularity. In the null case, i.e. when the
singularity is at conformal infinity, the fluctuations oscillate in a bounded manner while converging to the singularity.
The bouncing case is equivalent to the behaviour of a brane in a supergravity background. As we only consider
intrinsic fluctuations of the brane in an unperturbed bulk, this corresponds to a situation where supersymmetry is
preserved by the bulk while broken by the brane motion. Therefore the bouncing brane fluctuations correspond to
fluctuations of a non-BPS brane embedded in a supergravity background.
In the ever-expanding scenario, we can distinguish two possibilities. The brane can escape to infinity with a scale
factor which is either expanding in a decelerating manner or accelerating, i.e. corresponding to an inflationary era of
the power law type. In the decelerating case, the brane eventually oscillates forever. In the inflationary case, the brane
is such that any fluctuation of a giving length scales oscillates until it freezes in while passing through the horizon.
Of course this scenario is reminiscent of four-dimensional inflation modelled with a scalar field. Here the features of
inflation, i.e. the relationship between the power spectrum and the scale factor, differ from the four dimensional case.
This is an interesting observation as it leads to a new twist in the building of inflationary models. One might hope
that alternative scenarios to four-dimensional inflation may emerge from five dimensional brane models and their
fluctuations.
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